Real world surfaces can often be modeled as a collection of edges, corners, dents or spikes of varying roundness. These features exhibit individual spontaneous wetting behaviors comprising pinned contact lines, rivulets or cusps. If occurring in proximity to one another, as is often the case in applications, these wetting properties interact, resulting in an overall changed wetting pattern on the surface. Hence, there is considerable interest in understanding when, and to what extent, interactions occur, and how wetting then deviates from the wetting of isolated surface features.
Introduction
Many wetting applications exhibit geometrically complex surfaces. These surfaces can be either intended, like in gravure printing 1, 2 or exterior water management on vehicles, 3, 4 or unintended, like rough casted metal parts or other inherent manufacturing features or complex assemblies, which then have to be retroactively coated or treated in some way to establish a desired surface finish. Hence a physical and theoretical understanding of wetting phenomena induced by macroscopic surface features is important to optimize such processes.
A geometry commonly studied over the last 50 years are vertical cylindrical rods with variable spacing. [5] [6] [7] From this geometry a smooth transition exists, starting from fibers, 8, 9 to natural fibers, 8, 10 to bundles of fibers, 11 towards fabrics. 8, [12] [13] [14] This transition shows how a complex real world surface can be constructed and described by the combination of simple geometric elements. Despite the round shape of the vertical cylindrical bodies, sharp corners are formed at their contact points, representing a primary influence on wetting. Hence, it is of major importance to understand the wetting at sharp vertical corners to understand the wetting physics of both simple and more complex surfaces.
For natural fibers and fabrics, in additional to the macroscopic rod shape of the fibers, micro-and nanometer features affect the wetting. The effects of such micro-and nanoscale surface features are often modelled using pillar structures or general roughness elements, [15] [16] [17] [18] using modified parameters such as the macroscopic contact angle or contact angle hysteresis, without changing the wetting phenomenon of the contact line itself. On the other hand, nanodefects 19 and anisotropic features such as groove-like structures [20] [21] [22] [23] [24] can trigger pinning, locally manipulating the contact line. Pinning defects obscure other wetting phenomena and are therefore circumvented in the current study by using highly wetting silicone oil as a working fluid.
Often, when reporting on the wetting of rod-like elements in literature the liquid rise height is only given pointwise or as an average value. However, in the current study the entire contact line contour is examined. From this additional data, more information about the physics at, and the interaction between, different features (in this case corners) can be obtained. For instance the curvature of liquid close to an inner corner is described theoretically in the literature, 7, 25, 26 but only qualitatively or pointwise compared to experimental results, due to the lack of quantitative data. In order to obtain quantitative data over the entire contact line, flat walled samples are used in the current study to allow the calculation of the actual contact line contour. Moreover, many real world surfaces can be modeled using collections of flat walls with different sharp or rounded corners in-between. This modelling works in the same manner as fabrics being modelled as a collection of cylindrical fibers.
Using this analogy, the geometry in the current study, consisting of flat walls connected by two sharp corners, can be utilized to improve the understanding of the wetting of this family of complex surfaces by studying their simplest base geometry.
Additionally to the study of the contact line shape, the liquid in the corner is tracked in a similar way to the study of Ponomarenko et al., 7 not analysing the late, but the initial phase of the liquid rise, which is not considered in many previous studies about wetting of corners.
Experimental Details
The current study uses samples made from aluminium alloy 2024 (AlCuMg2), milled to two different levels, creating a vertical step with a 90
• and a 270
• corner between the two flat faces, see Figure 1 . The length called step size in Figure 1 is a geometrical parameter which was varied during the experiments by using different samples. Figure 1 shows all relevant lengths for the results of the experiments. All dimensions of the samples, except that of the step height, which was varied according to igure 1: The geometry of the samples used in this study.
Since the current study focuses on the effects of macroscopic surface features, silicone oil mm, calculated using the liquid density ρ and the acceleration due to gravity g. for a large area of the sample, the contact line is difficult to discern in some areas and has to be distinguished from light reflections due to the refraction of the liquid and the texture of the sample surface itself ( Figure 2 ). Hence, an automatic detection of the contact line is error-prone and manual contact line detection is used in the current study. Subjectivity in this manual procedure is partly avoided by repeating and averaging most measurements by several people.
To receive quantitative data regarding the contact line contour from the camera perspective, a post-processing algorithm is used to project the camera image onto a virtual model of the surface, which yields the three-dimensional position of the contact line.
Results and Discussion
General phenomena at the two corners Figure 2 shows the final contact line on a 15 mm (∼10 l σ ) step, filmed inside the dotted frame sketched in Figure 1 . The sample in this experiment was mounted horizontally mirrored compared to the sketch in Figure 1 . To simplify the image comparison, the camera image in Figure 2 is shown mirrored. While the upper part of Figure 2 shows the three front faces of the sample, the triangle in the bottom left and the triangle at the bottom of the right image side show the transparent liquid pool surface through which the wetted part of the sample and other refractions and reflections can be seen. Between the dry sample faces and the liquid pool, the mostly dark liquid meniscus can be observed at the bottom of the sample. Due to light refraction, the meniscus shows some white lines and a bright area in the 270
• back corner. Even after some image enhancement the contrast at the left sample face remains low. The formation of a rivulet in the inner corner can be explained using two models which are visualized in Figure 3 . The first model shown in Figure 3 horizontal arcs between the walls (green lines) which induce a negative capillary pressure at the corner, letting the liquid rise. Due to the decrease of arc radius with increasing height the pressure difference increases, also leading to an infinite rise in the corner (blue lines).
Concus et al. 27 showed that an infinite rivulet rise can only happen if the contact angle of the liquid (θ) added to half of the opening angle of the given corner (
) is below 90
Since the inner corner opening angle in the current study is 90
• , an infinite rivulet rise should only occur for contact angles below 45
• , which was numerically confirmed by Thammanna Gurumurthy et al.
28
This behavior could be observed in preliminary experiments when monoethylene glycol was used as a liquid, which, depending on the cleaning method for the samples, exhibited contact angles above 45
• in some experiments. For water in combination with dirty samples an infinite rivulet rise could no longer be observed. However, due to the strong pinning of these two liquids, they were not used for the final experiments discussed here.
Both models from 
Interaction of the two corners
Contact line contours For the largest analyzed step size (∼10 l σ ), the cusp on the left and the rivulet on the right side appear to be unaffected from one another, although a very slight S-shape can be seen in-between, whose amplitude is of the order of one standard deviation of the measurement scatter. For all smaller step sizes the cusp and the rivulet show a clear interaction with an S-shaped curvature directly connecting the cusp with the rivulet. With decreasing step size the depth of the cusp also decreases.
When the step size is ∼1 l σ or smaller, a new phenomenon appears, which is visible in the left smaller plot. While on the left sample face (compare Figure 2) a cusp still appears, which is not visible in Figure 5 , the contact line pins at the outer corner and follows it vertically up to a certain height, at which it separates from the edge and forms a rivulet without showing the S-shape seen for larger step sizes. While for ∼1 l σ the measurements exhibited different results switching between outer corner pinning and S-shaped contact lines, for ∼0.33 l σ the pinning at the outer corner becomes clearly evident in all measurements. If the step size is even smaller, the contact line stays pinned at the outer corner over the entire field of view, which can be observed for step sizes below 0.33 l σ . Due to the resolution limit of the camera and imperfections of the experimental samples, this contact line appears somewhat noisy in the stretched plot.
Cusp behavior
In Figure 6 the observed dimensionless cusp depth is plotted against the dimensionless step size. The cusp depth is defined as the vertical distance between the tip of the cusp and the average contact line height on the left and right faces. It can be seen that for a vanishing step size the dimensionless cusp depth becomes zero. This leads to a horizontal contact line at the left face of the sample, which becomes vertical and pinned on the outer corner, following it upwards until it separates from the corner to build the rivulet (compare to ∼0.33 l σ from Figure 5 ). A similar result for groove geometries was obtained numerically by Thammanna Gurumurthy et al. 29 For an increasing step size the cusp depth increases. From Figure 6 it can be assumed that the maximum cusp depth reaches an asymptotic value for an infinite step size. • respectively, which are plotted as horizontal green lines in Figure 6 . This verifies the assumption that an asymptotic value for the cusp depth exists and that the maximum step size of ∼10 l σ is large enough to yield the limiting value of the deepest cusp.
To predict the cusp depth for different step sizes it is assumed that a cusp having the asymptotic depth limit is pulled upwards by the increased slope of the contact line due to the rivulet. For comparison the slope of a rivulet unaffected by a cusp is used. Using this assumption and the slope of the unified rivulet (Eq. (7) presented below), the depth of the cusp can be expressed as
This equation is plotted in Figure 6 , using the 0.408 l σ limit from Surface Evolver as c max . It can be seen that the model fits the measured cusp depth well, except for the second step size from the right and for the second step size from the left, which both exhibit some deviation. Since there exists no physical reason for single step sizes to show such deviations, it is assumed that this discrepancy results from inaccuracies in the calibration. Figure 7 shows the same data as Figure that all rivulets exhibit the same shape, independent of the step size. This is more or less valid even for the ∼0.33 l σ step, which is vertically pinned on the outer corner until it crosses the static rivulet shape of the larger steps. At this point the contact line detaches from the outer corner and follows the same rivulet shape as all other step sizes. Hence, the general shape of the rivulet close to the inner corner is independent of the step size and should be describable by a universal function. Ponomarenko et al.
Rivulet behavior
7 described the rivulet shape by using the capillary tube model from Figure 3a ). The assumption of this theory is the fitting of round capillary tubes of radius r between the walls of the corner and calculating the capillary rise for these tubes, given by the balance of the Laplace pressure for the corresponding vertical curvature with gravity.
This rise height in the tubes was then used as the rivulet rise height at the wall positions contacted by the virtual tubes. The resulting rivulet shape is compared to the measurement data in Figure 8 . The tube radius r for the studied 270
• inner corner is set to the distance from the corner along the wall to the contact line position along the horizontal. Bullard et al. 31 performed numerical simulations of the meniscus shape between parallel walls and reported the position of the deepest meniscus point relative to the average height calculated with the equation
This equation assumes parallel walls instead of circular tubes and can be used in the same way as Eq. 2 to describe the rivulet shape, which was already done by O'Brien et al. The model from Fig. 3b ) is plotted in Fig. 8 as "Horizontal curvature" and is given by the equation
In this equation the horizontal distance from the corner to the contact line, x, is used to describe the radius of curvature in the horizontal direction. Although the curves for Eqns. To distinguish between the horizontal and the vertical curvature of the rivulet, the slope of the rivulet with respect to the horizontal plane can be assessed. It is described as α in
which uses a negative sign in order to result in positive angles for the increasing rivulet height h at decreasing corner distances x. A simple combination of Eqns. 2, 3 or 4 with Eq. 5 using cos(α) and sin(α), or even cos(α) 2 and sin(α) 2 to preserve a weighting sum of 1, is not appropriate, since numerical analyses of the resulting differential equations gave rise to highly irregular rivulet shapes, which appear to result from several or infinite valid solutions of the differential equations. The same effect appears when the equations are added to each other without weighting, and for the contact angle the apparent contact angle from the front or respectively the top is used, depending on α.
Therefore an equation has been developed, combining both model assumptions of Fig. 3 into a single differential equation with only one valid solution. The first constraint for deducing an unified equation is the fact that for a 270
• inner corner the perpendicular distance from the current wall position x to the angle bisector of the corner (45 • plane) is always equal to the wall position itself, as visualized in magenta in Figure 9 . The second constraint concerns the calculation of the rise height for individual liquid slices in the direction normal to the rivulet. Figure 9 shows three such slices in green. These slices point in the direction of the main curvature of the liquid. Tests including the second curvature along the con-tact line into the rivulet calculation showed that its effect on the rivulet shape is negligible, supporting the model of main curvature liquid slices.
Each slice is positioned between two walls of distance x, as known from the first constraint.
Due to their inclination they experience different angles between the two walls of the corner as shown in blue in Figure 9 . The vertical slices perceive two infinite parallel walls with an opening angle of 0 • in-between. This opening angle increases with increasing inclination, making the walls meet. When the slices become horizontal, the opening angle reaches 90
• .
The angle between the two walls is equal to α for all slices. Calculating the rivulet rise height using these constraints results in the equation
For α = 0 Like Eq. 3, Eq. 7 describes an average h, whose relative position inside the liquid meniscus changes with the surface shape. To make use of the empirical height correction of Bullard et al., Eq. 4 has been compared to Eq. 3. It can be seen that Eq. 4 is identical to Eq. 3, except for an additional empirical correction term. This empirical correction term was added to Eq. 7 in order to obtain
plotted as "Unified equation" in Fig. 8 . Technically speaking the correction should only be applied to the part of the rivulet following the model of Fig. 3a) . Due to the vanishing offset from the correction term close to the corner, where the model of Fig. 3b ) becomes dominant, a further blending of the correction term is omitted in this equation.
Eqns. 4 and 8 appear as a single curve in Fig. 8 , the difference between the two equations becomes visible for different contact angles. While Eq. 4, like the uncorrected Eq. 3, predicts an infinite rivulet rise for every contact angle below 90
• , Eq. 8 is the first rivulet shape description known to the authors which fulfills the Concus-Finn criteria. 27 It correctly predicts an infinite rivulet rise for contact angles below 45
• and results in finite rivulet rise heights for contact angles above 45
• , approaching a flat liquid surface at 90
• contact angle. Figure 10 shows the results of Eq. 8 for different contact angles. While the finite rivulet rise heights for contact angles above 45
• qualitatively fit to the rivulet rise heights observed in preliminary experiments, the authors could not achieve reproducible contact angles above 45
• to quantitatively compare the real world rise heights with the theoretical values from Eq. 8.
Rivulet dynamics
The rise of the rivulet tips is tracked during the experiments in order to calculate the rivulet rise velocicty. While all lengths in the current study are made dimensionless by dividing The measured raw data contains noise which results in fluctuating speeds; hence, the data is post-processed to reduce these fluctuations. In a first step the raw data is interpolated using cubic splines. Afterwards the derivatives of these splines are calculated and evenly sampled with fixed time steps of twice the frame rate of the original camera video (249,986 fps). In a following step a moving average is applied to the resampled data, using a window width of a quarter of the original frame rate to average steps of half a second of duration.
Data closer than half of the averaging window to the borders of the data sets were discarded. Figure 11 shows the resulting velocity plots displaying the decreasing rivulet tip velocity over time.
The rivulet tip rise velocity is, except for the smallest two step sizes, independent of the step size. This is an unexpected result since Figure 7 shows that the rivulet is truncated close to the corner for step sizes ∼ ≤ l σ , leading to asymmetric rivulet shapes. When .033 l step 0.066 l step 0.166 l step 0.33 l step 1 l step 3.3 l step 6.6 l step 10 l step Figure 11 : The dimensionless velocity of the rivulet tip.
comparing these boundary conditions to the model from Figure 3b ), the horizontal liquid slices have to change their curvature in order to exhibit the contact angle on one face and the pinning corner position on the other face. Since the curvature is the only driving force of the rivulet, the observed rising behavior suggests that only the rivulet region close to the tip is relevant for the rivulet rise, while the influence of the rest of the rivulet can be neglected.
Furthermore, the rivulet tip never stops rising, as predicted by Ponomarenko et al.;
7 hence, it always provides a driving force upwards.
At small step size the rivulet rise velocity is lower and also exhibits higher fluctuations.
The increased fluctuations in the speed do not only arise from measurement noise, but also from increased interaction of the rivulet with surface roughness, which becomes capable of locally slowing down the rivulet and speeding it up again. However, to explain the lower rise velocity at very small step size some change in the rivulet tip itself must be postulated.
A very simple model for this observation was developed in which the region close to the rivulet tip was assumed to have a similar size as the final rivulet width. Since the variation in rivulet width becomes small on top of its base (compare Figure 7) , the rivulet tip size was assumed to be nearly constant in the observed sample region of less than six l σ rise heights. Since the rivulet tip at the start of the rise is smaller than the final rivulet base width, it is assumed that the rivulet tip size is constant from the beginning of the rise. To further simplify the model, only one characteristic horizontal rivulet slice is considered to be representative for the force balance in the rivulet tip. The friction forces are assumed to be of comparable size for an unaffected and an asymmetrically pinned rivulet. Gravitational forces are negligible due to the width of the rivulet tip being < l σ , which means the ratio of gravitational forces to surfaces forces is smaller than one. This results in a model only comparing the mean curvature of an unaffected and a pinned liquid slice to estimate the decrease in rivulet rise speed. Both rivulet slices are assumed to be perfect arcs.
Due to the small size and thickness of rivulets on very small steps, the rivulet width during rise cannot be observed in a reliable way and therefore must be considered unknown.
From this point on there are two different assumptions which can be made. Either the width of the rivulet tip on the right wall can be assumed to be constant, called d, or, since the model neglects changes in the friction force which are caused by wall interaction, the overall wetted wall length of the rivulet tip, which is 2d, can be assumed to be constant. Accordingly, for the latter case the contact line position at the right wall changes to d * = 2d − s for a step size of s smaller than d. At the right wall the rivulet tip has to exhibit its original contact angle.
At the same time the rivulet arc should meet the point of the outer corner were it is pinned.
Due to the pinning, the contact angle at this point is not defined. With this constraint a rivulet arc can be constructed, having, depending on the right wall width assumption, a radius described by the equation 
Conclusions
The current work observes the spontaneous wetting of samples comprising three faces separated from each other with 270
• inner and 90
• outer corners. It is shown that the rivulet is pinned at the outer corner when the distance between the outer and the inner corner becomes smaller than the capillary length. Furthermore, the cusp depth on the outer corner and its disappearance as the step size decreases towards zero is quantified. An empirical equation is proposed to describe the general relationship between cusp depth and step size.
By comparing the results of two common models to describe the rise of rivulets, a new, unified physical model is deduced. The model described in equation 8 is the first model able to quantitatively predict rivulet shapes for all contact angles between 0
• and 90
• . Furthermore it is shown that the rivulet rise occurs rather independent of the step size. Only very small step sizes, being small enough to deform the leading rivulet tip, are able to influence the rivulet rise speed. For this phenomena a very simple theoretical model in two different versions is developed. Even though this model is of empirical nature, it is able to quantitatively describe the effect of small step sizes slowing down rivulet rise. With this observations and set of models for the different phenomena, the current work supports the understanding of rivulet and cusp formation and their interaction in close proximity to one another.
